INTRODUCTION
Lubricated squeezing flow (LSF) is a rheological technique that involves compression of a fluid between parallel plates under the perfect slip conditions at the plate-fluid interfaces [1] . LSF is commonly used for measuring rheological properties of semi-solid foods such as peanut butter, cream cheese, melted cheese, tomato paste, butter, ketchup, mustard, mayonnaise, and yogurt [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . The major advantage of the LSF technique is that food rheologists can avoid or minimize problems encountered during rheological measurements of such products with conventional rotational viscometers (e.g., damage incurred during sample loading; possibility of slip during measurement) [13] .
Analytical and numerical solutions for LSF of various fluids allow determination of elongational properties from experimental data. For instance, elongational viscosity of a Newtonian fluid can be obtained from the thickness-time data using the following equation derived for LSF under constant force and constant volume conditions:
(1)
The corresponding equation for a power-law fluid [15] can be expressed as follows:
(2) As expected, Eqn. 2 reduces to Eqn. 1 when n = 1 and K = m. Squeezing flow of viscoplastic fluids (including Herschel-Bulkley) has recently received more attention from both theoretical and experimental researchers [16] [17] [18] [19] [20] [21] [22] . The analysis of LSF of Herschel-Bulkley fluid is important also in food rheology since it is frequently used to describe behavior of various food products with an apparent yield stress [5, 14, [23] [24] . Squeezing flow at constant force or velocity, with or without slip, is often used to approximate sensory evaluation of foods in the mouth, between fingers, and between a knife and a flat surface (to simulate, for example, spreading of butter on a slice of bread) [25] [26] [27] . It is important to mention that sensing textural attributes by, for instance, squeezing between fingers (i.e., substantially deformable surfaces) can be very different than squeezing between rigid plates (i.e., negligibly deformable surfaces) [28] . Nevertheless, sensory property assessment of foods by panelists (e.g., stickiness, oral thickness, sliminess, spreadability) often correlates with the instrumental rheological parameters. Hence, evaluation of thickness profiles as a function of time may be useful to better understand the sensory perception of food products with yield stress (i.e., spreadable foods), and the role of rheological parameters in processes such as coating (e.g., chocolate coating of bakery and confectionery products) where coat thickness is an important quality factor. It should be emphasized, however, that the perfect slip boundary condition might not be fully realized in these food applications.
Recently, Yang presented an analysis of LSF of Herschel-Bulkley fluids under constant deformation rate and derived a relation between the squeezing force and fluid thickness (or time) [22] . The objectives of our study were to extend Yang's analysis to obtain an expression for fluid thickness as a function of time for Herschel-Bulkley fluid in LSF under constant force, and to sim- 
THEORETICAL CONSIDERATIONS
We consider the isothermal squeezing flow problem sketched in Fig. 1 where a sample of HerschelBulkley fluid is compressed between parallel disks under the influence of a constant force. The top disk moves downward with a changing velocity, while the bottom disk remains stationary. The slip is often intentionally introduced by lubricating the disks surfaces, which has been previously shown to produce nearly shear-free flow, for instance, for melted cheese [11] . Here, we are interested in a relation between the fluid thickness and time.
Yang presented the following relationship 1 for squeezing force F(t) of a Herschel-Bulkley fluid between two rigid parallel plates [22] :
For measurements carried out at constant deformation rate the force-thickness (or time) relation is readily obtained from Eq. 3 by inserting V = constant = -dH/dt. Furthermore, when squeezing flow experiment is performed at constant stress (i.e., F(t)/pR 2 (t) = W/pR o 2 = constant), the time evolution of fluid thickness is given by:
where C is equal to:
However, LSF can also be performed under con-
and constant-force ( 
The integration of the left-hand side of Eq. 6 was obtained, in terms of hypergeometric function, using the Mathematica 3.0 software (Wolfram Research Inc.):
where , Research Inc. [29] ). The validity of this hypergeometric solution (Eq. 7) was verified by the fact that it reduces correctly to Eq. 1 for n = 1 and t o = 0, and to Eq. 2 for t o = 0.
Calculations to simulate the influence of model parameters (n, K, t o ) on LSF response of Herschel-Bulkley fluid were done using the Mathcad 7 software (MathSoft Inc.). In all simulations, unless mentioned otherwise, the applied load, the initial thickness and diameter of fluid were taken as 0.98 N, 6*10 -3 m and 30*10 -3 m, respectively. Results are reported as the normalized thickness (i.e. H(t)/H o ) versus time.
RESULTS AND DISCUSSION
The solution obtained for LSF of Herschel-Bulkley fluid (i.e., Eq. 7) is clearly not an explicit expression for the fluid thickness. Therefore, it is difficult to use it for determining rheological parameters by, for instance, regression analysis. It is more convenient to use the force equation, Eq. 3, (or the related stress equation) when computing magnitudes of model parameters from experimental data by non-linear regression.
The ranges of relevant rheological parameters used in simulations were chosen according to the experimental data reported in the literature for foods and some polymer melts. For instance, the shear yield stresses of several food products vary between 10 to 2300 Pa, whereas the shear consistency indices range from about 9 Pa s 0.12 to 600 Pa s 0.38 (and up to 120,000 Pa s 0.25 for polymer melts) [30] .
Simulated thickness profiles for a selected set of parameters of a Herschel-Bulkley fluid in LSF are displayed in Fig. 2 for different loads. DeMartine and Cussler report that the force used to squeeze a film of fluid between the fingers is around 0.89 N [25] . Plots in Fig. 2 show that the rate of decrease in the fluid thickness is gradual for small loads, whereas it is rather sharp for high loads. Moreover, Herschel-Bulkley fluid, having a yield stress, tolerates squeezing for some time but eventually reaches an apparent limiting thickness, H L . As Yang pointed out, this suggests that one can determine the apparent extensional yield stress, s o , of a fluid by inserting the experimental limiting thickness H L into the following equation (obtained by setting V = 0 in Eq. 3 and for constant-volume deformation) [22] :
We have recently used this equation to calculate extensional yield stress, s o , of regular and fatfree mayonnaises as 450 Pa and 350 Pa, respectively [14] . These results were considerably higher than the range (81 -91 Pa) reported by Campanella and Peleg for commercial mayonnaises, which were examined by non-lubricated squeezing flow tests at constant stress [5] . On the other hand, yield values from Ak and Gunasekaran were in better agreement with the data reported by Yoo et al. for two brands of mayonnaises measured at 25°C by the vane method (i.e., 204 and 164 Pa in shear, or 350 and 285 Pa in extension) [14, 31] . It should be noted that the yield stress is related to the initial physical structure of a material. However, the apparent yield stress from the method of limiting thickness as described above is associated with material structure that remains after considerable damage. Therefore, the magnitude of apparent yield stress from Eq. 8 is expected to be lower than the true value.
The influence of consistency index K on the simulated thickness profiles of HerschelBulkley fluid in LSF is shown in Fig. 3 . Although the applied stress ,s i , was initially about 8 times of the extensional yield stress, s 0 = ÷3 t 0 , there was no appreciable decrease in thickness during 3 min for the fluid with the highest K. As the K value decreased, the rate and extent of squeezing of Herschel-Bulkley fluid increased substantially. At low values of K, the squeezing occurred very rapidly and the limiting thickness was attained after a brief transition period. Results indicated that one could exert a good control over the thickness profile by adjusting the consistency index of a product (e.g., via formula modification).
The simulated thickness profiles for different values of flow behavior index n are plotted in Fig. 4 . The influence of n on the response of Herschel-Bulkley fluid is more gradual than that of K. It is seen that at a given time a fluid with a low pseudoplasticity (i.e., a high value of n) flows at a faster rate and to a greater extent. Hence, a Bingham-plastic fluid (n = 1) squeezes out faster than a Herschel-Bulkley fluid (n < 1). Moreover, time to reach the limiting thickness is longer for fluids with low values of n, signifying that a longer experiment would be needed to determine their yield stress. Fig. 5 displays simulation results for the effect of shear yield stress on the thickness profiles of a Herschel-Bulkley fluid in LSF under constant squeezing force. For the highest yield stress (t o = 1000 Pa), there was no flow of HerschelBulkley fluid within 3 min, since the applied stress (1400 Pa) was smaller than the extensional yield stress, s 0 = ÷3 t 0 = 1730Pa. When the shear yield stress was reduced from 1000 Pa to 100 Pa, the fluid thickness decreased considerably. Further decrease in the shear yield stress to 10 or 1 Pa caused relatively less change in thickness (Fig. 5) .
In Fig. 6 , thickness profiles of Newtonian, power-law, and Herschel-Bulkley fluids are compared for a given set of rheological parameters. Results show that, except for the initial few seconds, Newtonian fluid exhibits substantially lower normalized thickness levels than power law and Herschel-Bulkley fluids. For instance, at t = 100 s the normalized thickness of Newtonian fluid was only 0.12 and 0.26 times of those for Herschel-Bulkley and power law fluids, respectively.
The limiting thickness (i.e., normalized thickness at 180 s) versus flow behavior index at different yield stress levels and for several values of consistency index is presented in Fig. 7 . If the limiting thickness is acknowledged as an important quality factor in sensory perception of spreadable foods, the simulations shown in this figure can provide preliminary guidance for obtaining desired properties for such foods. For instance, consumers often expect low-fat products to perform as good as the original versions. Using data from Ak and Gunasekaran we calculated normalized thickness values for regular and fat-free mayonnaises as 0.72 versus 0.59, 0.66 versus 0.51, and 0.63 versus 0.49, respectively, at 10, 50 and 180 s under 0.49 N load [14] . It remains, however, to be determined whether such differences are perceptible and important for sensory quality of mayonnaise.
CONCLUSIONS
The lubricated squeezing flow (LSF) of HerschelBulkley fluid between parallel disks has been analyzed under constant-force and constant-volume configuration. An analytical expression linking fluid thickness and time was obtained in terms of a hypergeometric function. The decrease in normalized thickness of the fluid was proportional to the increase in applied squeezing force. For a given yield stress the fluid thickness profile could be greatly modified by varying the consistency index. A greater decrease in the fluid thickness was predicted for the flow behavior index approaching to Newtonian value. As expected, the higher the value of (extensional or shear) yield stress the lower was the amount of squeezing before attaining the limiting thickness. The limiting thickness graphs as a function of rheological parameters are expected to be useful in understanding behavior of materials with yield stress (e.g., spreadable foods). 
NOTATIONS

